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ñintuition comes to us much earlier and with much less outside influence than formal 

arguments which we cannot really understand unless we have reached a relatively 

high level of logical experience and sophistication.
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Therefore, I think that in teaching high school age youngsters we should 

emphasize intuitive insight more than, and long before, deductive reasoning.ò

Digitally-assisted Discovery and Proof

Revised 08/06/09



New ICMI Website

"Mathematical proofs like diamonds should be hard 

and clear, and will be touched with nothing but strict 

reasoning." - John Locke

"Keynes distrusted intellectual rigour of the Ricardian type 

as likely to get in the way of original thinking and saw that 

it was not uncommon to hit on a valid conclusion before 

finding a logical path to it." - Sir Alec Cairncross, 1996
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"The object of mathematical rigor is to sanction and legitimize the conquests 

of intuition, and there was never any other object for it." ïJacques Hadamard

I will argue that the mathematical community (appropriately 

defined) is facing a great challenge to re-evaluate the role of 

proof in light of the power of current computer systems, of 

modern mathematical computing packages and of the growing 

capacity to data-mine on the internet. With great challenges 

come great opportunities. I intend to illustrate the current 

challenges and opportunities for the learning and doing of 

mathematics.



ñThe Crucibleò 



OUTLINE
×Working Definitions of:
Á Discovery

Á Proof

Á Digital-Assistance

×Five (Tertiary) Core Examples:
Á Number Theory: What is that number?

Á Calculus: Why Pi is really not 22/7.

Á Algebra: Making abstract algebra concrete.

Á Physics: A more advanced foray into mathematical physics.

Á Geometry: dynamics I can visualize but have no proof of.

×Making Some Tacit Conclusions Explicit

×Additional Examples (as time permits)

Á Integer Relation Algorithms

Á Wilf-Zeilberger Summation 

It wonôt!



WHAT is a DISCOVERY?

ñAll truths are easy to understand once they are discovered; the point is to 

discover them.òïGalileo Galilei

ñdiscovering a truth has three components. First, there 

is the independence requirement, which is just that one 

comes to believe the proposition concerned by oneôs 

own lights, without reading it or being told. Secondly, 

there is the requirement that one comes to believe it in 

a reliable way. Finally, there is the requirement that 

oneôs coming to believe it involves no violation of oneôs 

epistemic state. é

In short , discovering a truth is coming to believe it 

in an independent, reliable, and rational way.ò
Marcus Giaquinto, Visual Thinking in Mathematics.                                        

An Epistemological Study, p. 50, OUP 2007



Galileo was not alone in this view

ñI will send you the proofs of the theorems in this book. Since, 
as I said, I know that you are diligent, an excellent teacher of 
philosophy, and greatly interested in any mathematical 
investigations that may come your way, I thought it might be 
appropriate to write down and set forth for you in this same 
book a certain special method, by means of which you will be 
enabled to recognize certain mathematical questions with the 
aid of mechanics. I am convinced that this is no less useful 
for finding proofs of these same theorems. 

For some things, which first became clear to me by the 
mechanical method, were afterwards proved geometrically, 
because their investigation by the said method does not 
furnish an actual demonstration. For it is easier to supply the 
proof when we have previously acquired, by the method, 
some knowledge of the questions than it is to find it without 
any previous knowledge.ò 

Archimedes to Eratosthenes in introduction to The Method in

Mario Livio, Is God a Mathematician? Simon and Schuster, 2009



The Archimedes Palimpsest
× 1906 10th-century palimpsest was discovered 

in Constantinople (Codex C). 1998 bought at 
auction for $2 million1998-2008ñreconstructedò

× contained works of Archimedes that, sometime 
before April 14th 1229, were partially erased, 
cut up, and overwritten by religious text 

× after 1929 painted over with gold icons and left 
in a wet bucket in a garden. It included bits of 7 
texts such as On Floating Bodies and of the 
Method of Mechanical Theorems, thought lost

× Archimedes used knowledge of levers and 
centres of gravity to envision ways of balancing 
geometric figures against one another which 
allowed him to compare their areas or volumes. 
He then used rigorous geometric argument to 
prove Method discoveries:

"... certain things first became clear to me 
by a mechanical method, although they 
had to be proved by geometry afterwards 
because their investigation by the said 
method did not furnish an actual 
proof. But it is of course easier, when we 
have previously acquired, by the method, 
some knowledge of the questions, to 
supply the proof than it is to find it without 
any previous knowledge." (The Method) 

× Used Moore-Penrose inverses to reconstruct text and extract 
forgeries. See 2006 Google lecture at

http://video.google.com/videoplay?docid=8211813884612792878
Creative commons: http://www.archimedespalimpsest.net

http://video.google.com/videoplay?docid=8211813884612792878
http://www.archimedespalimpsest.net/


WHAT is a PROOF?

ñNo. I have been teaching it all my life, and I do not want to have my ideas upset.ò

- Isaac Todhunter (1820 - 1884) recording Maxwellôs response when asked whether 

he would like to see an experimental demonstration of conical refraction.

ñPROOF, n. a sequence of statements, each of which is either 

validly derived from those preceding it or is an axiom or 

assumption, and the final member of which, the conclusion , is 

the statement of which the truth is thereby established. A direct 

proof proceeds linearly from premises to conclusion; an indirect 

proof (also called reductio ad absurdum) assumes the falsehood 

of the desired conclusion and shows that to be impossible. See 

also induction, deduction, valid. ò

Borowski & JB, Collins Dictionary of Mathematics 

INDUCTION , n. 3. ( Logic) a process of reasoning in which a general conclusion is drawn from a 

set of particular premises, often drawn from experience or from experimental evidence. The 

conclusion goes beyond the information contained in the premises and does not follow 

necessarily from them. Thus an inductive argument may be highly probable yet lead to a false 

conclusion; for example, large numbers of sightings at widely varying times and places provide 

very strong grounds for the falsehood that all swans are white.



Decide for yourself


